
runs taken on the 8 x 16 particle size. 
T t  can be seen that XIT, becomes zero 
around a gas concentration of 4 mole 
% methane. In other words when con- 
centration of 4 mole % methane is 
reached on the breakthrough curve, no 
hydrogen remains adsorbed on the bed. 
For the other particle sizes X H ~  becqmes 
zero at roughly the same concentration. 

After the zero was dropped, XH, 

did not remain constant but became 
slightly positive for some of the runs. 
This deviation was most serious for the 
high flow rate runs because the slopes 
of the curves used to find ( a y / a t ) ,  
were steepest in these cases and there- 
fore less precise. 

Another reason for this deviation 
may be that the experimentally meas- 
ured temperature lagged behind the 
true bed temperature toward the end 
of a run. If one considers Equation 
( 5 ) ,  it can be seen that if the true 
temperature is lower than that meas- 
ured y *  will be higher, and in turn 
X H ~  will be lower. 

SUMMARY 

A rate equation is presented which 
describes data obtained on the adsorp- 
tion of methane from hydrogen by silica 
gel. The bed temperature has been 
used and the adsorption rates have 
been calculated without making the 
usual simplifying assumption. The par- 
ticle transfer coefficient is dependent 
on flow rate, and the quantity XU, seems 

to have a definite relationship with gas 
concentration. 

The model has been applied to a 
system with a linear equilibrium ad- 
sorption isotherm in this paper and in 
a previous work (1) to a system with 
a favorable equilibrium or constant 
pattern. In view of these facts the 
utility of this model is felt to be dem- 
onstrated. 
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NOTATION 

A = cross-sectional area of bed, sq. 
ft. 

C = concentration of adsorbate in 
fluid phase, mole/cu. ft. 

C* = intertace gas concentration, 
mole/cu. ft. 

F = volumetric flow rate, cu. ft./ 
min. 

Kl, = particle transfer coefficient, 1/ 
min. 

M = molecular weight 
p = partial pressure of methane in 

gas stream, atm. 
p” = interface partial pressure of 

methane, atm. 
q = average adsorbate concentra- 

tion in particle, Ib. adsorbate/ 
Ib. adsorbent 

y*  = adsorbate concentration of 
particle at interface, lb. ad- 
sorbate/lb. adsorbent 

y. = adsorbate concentration in 
equilibrium with C,,, lb ad- 
sorbate/lb. adsorbent 

Q- 
t = time, min. 
T = temperature 

x = bed length 
E = bed porosity, cu. ft. void/cu. 

p n  = bulk density, lb. adsorbent/ 

= (1 - X H ~ )  4. 

%HI, = ( Y / Y m ) H z  

ft. bed 

cu. ft. bed 
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Heat Transfer from a Cylinder to a 

Power-Law Non- Newtonian Fluid 
M. J. SHAH, E. E. PETERSEN, and A N D R E A S  ACRIVOS 

University of California, Berkeley, Californio 

For low-molecular-weight liquids 
and for all gases it has been postulated 
and repeatedly versed experimentally 
that the shear stress imposed on the 
fluid is directly proportional to the 
rate of strain at constant temperature 
and pressure. The proportionality con- 
stant in this linear relation is called the 
viscosity and for the simple one-di- 
mensional flow is defined by 

c L = -  (1) du/dy 
It  is found however that for many 

fluids-solutions of organic macro- 
molecules, pulps, slurries, molten plas- 
tics, etc.-the viscosity coefficient in 

M. J. Shah is with International Business Ma- 
chines Corporation, San Jose, California. Andreas 
Acrivos is a t  Stanford University, Stanford, Cali- 
fornia. 

Equation (l),  instead of being only a 
property of the material and thus in- 
dependent of its state of motion, is 
also markedly affected by changes in 
the shear rate. It is clear therefore that 
for such rheological substances, which 
are grouped together under the com- 
mon name non-Newtonian fluids, the 
concept of viscosity is a rather useless 
one and that an expression different 
from Equation (1) must be sought to 
relate the local stress to the hydrody- 
namic variables of the system. 

In the past various models relating 
shear rate and shear stress have been 
proposed for different types of non- 
Newtonian behavior (7) .  Among the 
more commonly encountered expres- 
sions are those for Bingham plastic 
fluids, for which 

and those for power-law fluids, where, 
again for one-dimensional flow condi- 
tions 

T = K ( - $ )  ( 3 )  

with n < 1.0 for pseudoplastics and n 
> 1.0 for dilatant substances. 

The functional relation between the 
stress and the state of motion of the 
fluid, the so-called rheological equation 
of state, must as a rule be obtained 
experimentally. Even so, the interpre- 
tation of the experimental results is 
seldom unequivocal because in general 
the stress is a function not only of the 
rate of strain, but also of the higher 
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spatial derivatives of the velocity com- 
ponents and the various components 
of the local acceleration (9, 10).  Yet 
it has been shown that measurements 
with standard viscometers, such as the 
rotating cup or the capillary tube, do 
not always correctly lead to the com- 
plete rheological equation of state, and 
sometimes even fail to detect part of 
the terms. It is known for example that 
it is impossible to predict, on the basis 
of the capillary tube viscometer data 
alone, whether or not the fluid will 
show viscoelastic properties or exhibit 
the rather striking Weissenberg ( 1 3 )  
and Merrington (6)  effects. Similarly, 
although it invariably becomes neces- 
sary to postulate the existence of com- 
plete isotropy in the flowing medium, 
the solid surface does bring about a 
preferred orientation in the field of 
motion, and the resulting anisotropy 
may under certain circumstances be 
an important factor. It is plausible to 
suppose then that although a rheologi- 
cal equation of state, as obtained ex- 
perimentally from standard viscometer 
measurements, may be adequate for 
certain hydrodynamic conditions, it 
does not necessarily mean that it will 
also correctly represent the state of 
stress of the system for geometrical 
flow configurations which are appreci- 
ably different from those on which the 
rheological experiments were originally 
performed. 

The present investigation was there- 
fore undertaken to probe this rather 
interesting question in some detail. A 
dilute solution of carboxymethylcellu- 
lose in water, the rheological proper- 
ties of which were first determined in 

Fig. 1 .  Showing the directions of the coordi- 
nates x and y and the velocities u and v with 

respect to the surface. 

R I S E R  

rm . -  
8 I1 I1 

S; : 40MESH 

U 

Fig. 2. The water tunnel. 

a standard capillary tube viscometer, 
was recirculated in a closed-circuit 
water tunnel in which a uniformly 
heated cylinder was placed with its 
axis normal to the flow. The experi- 
ments were carried out under the lami- 
nar boundary-layer type of flow con- 
ditions, which are different in charac- 
ter from the state of motion existing 
in the capillary tube and yet are simple 
enough to permit a theoretical analy- 
sis. The investigation was restricted 
to those carboxymethylcellulose solu- 
tions which were found to follow the 
power law and which to all appear- 
ances did not show any viscoelastic 
effects. The purpose of this work was 
then to compare the experimentally 
measured temperature distribution on 
the surface of the cylinder with the 
results of a theoretical analysis which 
contained no adjustable parameters 
and which required for each fluid only 
the independent evaluation of the 
rheological constants K and n appear- 
ing in Equation ( 3 ) .  

THEORETICAL ANALYSIS 

It has already been shown in an 
earlier communication (2) that the 
well-known laminar boundary-layer 
equations of Newtonian hydrodynam- 
ics may easily be extended to include 
power-law fluids. Thus for the smooth 
but otherwise arbitrary two-dimen- 
sional surface of Figure 1 

aul azl, d@ 
u1- + 01- = @(XI) - 

8x1 dY1 dx, +"(Z>^ dY1 

(equation of motion) (4)  
au, av, -+ -=o  
ax, ay1 

(equation of continuity) (5) 

(heat convection equation) (6) 

where 
U ,  

= -, 211 = -, @(XI) - U ,  U ,  

X U 
, L 

pU,"-"L" 
K '  

N, ,  = 
c, u, PL 

k 

P 

(NZJ;;;"' N m  = 

where, in accordance with the bound- 
ary-layer theory, @ (x,) is uniquely 
determined by the geometry of the 
surface and is the same for both New- 
tonian and non-Newtonian substances. 

The solution to Equations (4)  to 
(B), which are the correct asymptotic 
forms of the exact equations of motion, 
continuity, and energy if Nn, >> 1 
and if the dissipation term in the hent- 
convection equation is neglected, must 
also satisfy the usuaI boundary condi- 
tions : 

y1= 0; u1 = v l =  0; T = Ts (xi)  
x1 = 0 and yl = w; 

T = T ,  
u, = @(xl); 

(7) 

where for the moment the surface tem- 
perature has been left as an unspeci- 
fied function of the boundary-layer co- 
ordinate xi. 

As might be suspected, the exact 
solution of Equations (4) to (7) is in 
the general case a problem of consider- 
able difficulty which fortunately can in 

may be simplified into its 
form for N,, + cc: 

aT yl" dk dT 
A(%) y1 - - - - - 

8x1 2 ax, ayl 
1 d"T - --- 

N , ~  ay: 

most instances be solved by- an ap- 
proximate, but quite accurate, tech- 
nique. This is so because for the large 
majority of power-law fluids the gen- 
eralized Prandtl number is large, 
which means (8) that Equation (6) 

asymptotic 

(8) 
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c 

where 

Y1= u 
It can now be shown (3, 5) that 

with T. = To asx, 4 0, which, as first 
pointed out by Lighthill (5), provides 
usually a n  excellent approximation to  
the exact solution even when N,,  is as 
low as 10. Equation (9) may finally 
be rearranged by a standard Laplace 
transformation into 

r (413) 
I' ( 2 / 3 )  r ( 1/3) 

T ,  - To - 

which is more convenient since the ex- 
periments were carried out under con- 
stant flux conditions. If in particular 

aT 
Q = - kA (-) 

ay y r o  

kA 

L 
- --- 

then Equation (10) may 
still further into 

"> 
ayl yl=u 

be simplified 

{ s" [ s"; 
]-m '1-1 

0 i (11) 
d'dt dz 

. ,  
It remains now to show how the 

function A(x,) is to be determined from 
Equations (4)  and ( 5 ) .  Again, al- 
though an exact solution cannot be 
obtained in the general case, except by 
a laborious finite-difference numerical 
procedure, an approximate but accu- 
rate expression for A(x,) can be de- 
vised. The details, which are presented 
elsewhere ( l l ) ,  are omitted here; the 
final result is as follows. 

If it is supposed that a2(xl) is ex- 
panded in the form 

5 

Q P " ( X l )  = P Cu,x121111 (12) 
I =1 

where the coefficients (Y' and mi can 
easily be calculated by a straightfor- 
ward least-squares procedure, as orig- 
inally developed in connection with 
Prony's interpolation formula ( 1 4 ) .  Of 
course the exponents 2mi need not be 
integers. Then by a straightforward 
extension of an earlier expression (I), 
which at the time was derived for 
Newtonian fluids only 

Page 544 

where the function [g,]"" is given in 
Table 1. 

One can see from Equations (11) to 
(13) therefore that once the rheologi- 
cal parameters K and n of the fluid 
have been independently determined, 
the calculation of the local surface 
temperature for a given rate of heat 
input can easily be carried out if the 
pressure distribution around the body 
is available either from a theoretical 
potential flow model or from experi- 
mental measurements. It is especially 
important to realize however that 
Equation (11) contains n o  arbitrary 
constants. This would imply that 
agreement between the predictions of 
the theoretical analysis and the experi- 
mental data  should be interpreted as 
strongly indicating that, in the ab- 
sence of viscoelastic effects, a rheologi- 
cal equation of state derived from 
standard viscosity measurements can 
still be retained to describe the stress 
rate of strain relation for flow condi- 
tions of the laminar boundary-layer 
type. 

EXPERIMENTAL APPARATUS 

The major items of the experiment 
station were ( a )  a water tunnel with a 
pump, screens, vanes, a valve, and a cool- 
ing system; (b )  a test section and cylinders 
for heat transfer and pressure measure- 
ments; (c )  a pressure-and velocity-meas- 
urement assembly; ( d )  an electrical power 
supply and measurement system; and ( e )  
a capillary viscometer. 

Water Tunnel and I t s  Accessories 
The water tunnel is in many respects 

similar to the one described by Kiser ( 4 ) .  
As shown in Figure 2 it consists of twelve 
different sections which, with the excep- 
tion of sections 1 and 7, were constructed 
from 1/16-in. thick type-304 stainless steel 
sheets. The sheets were welded to form 
8 by 10 in. rectangular sections, held to- 
gether by stainless steel flanges with Plexi- 
glas frames between them. Stainless steel 
screens were cemented in the Plexiglas 
frames SI, Sz, S ,  S,, and Ss, and the fluid 
was passed successively through smaller 
screens as it approached the test section. 
The function of the screens was to dampen 
out the turbulent velocity fluctuations of 
the main stream. In addition a 40-mesh 
screen welded in a stainless steel frame So 
was placed at the exit flange of the pump 
to collect any extraneous solid particles 
which could clog the other screens. 

The fluid was circulated by a cast-iron 
centrifugal pump having a capacity of 
1,400 gal./min. of water at a head of 
6 ft. The inside body of the pump and the 
impeller surface were coated with an 
epoxy resin to protect the iron surfaces 
from the carboxymethylcellulose solutions. 

In the corner sections, 3, 8, and 10, a row 
of vanes was welded across to guide the 
fluid around the bends with minimum 
losses. Sections 4, 5, and 6 acted more 
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or less as calming sections between screens. 
The turbulence was expected to decay 
completely at about a distance of 10 to 30 
mesh lengths downstream from the last 
screen, 4. 

The test section, 7 ,  was made from %I 
in.-thick Plexiglas and, in order to improvc 
the strength of the plastic, was mounted 
with long steel studs going from flange 
to flange. The four holes in this section, 
seen in the figure, were 2 in. in diameter 
and supported the test piece, its accessories, 
and the pitot tube. The valve for regulat- 
ing the fluid circulation rate consisted 
mainly of two sets of bars bent from 1/16 
in. thick stainless steel sheets to form a 
triangular cross section where one set 
would fit into the other. The movement of 
the central shaft rotated the cam mounted 
on it, which in turn pushed the inner frame 
down, thus closing the gaps between the 
sets of bars. The valve could be set in 
such a way that velocities as low as 1 
ft./sec. were produced in the test section. 

The heat generated in the fluid by recir- 
culation was unfortunately quite appreci- 
able (15,000 to 20,000 B.t.u./hr.) and had 
to be removed by means of a refrigeration 
unit which was placed in section 11 of 
the tunnel. An auxiliary water cooler was 
added later to increase the capacity of the 
condenser. 

Test Pieces 

The pressure measurements were carried 
out with a 2 in. diameter aluminum cylin- 
der 9-35 in. long. The total pressure (dy- 
namic and static) was read at a 1/16-in. 
hole drilled normal to the curved surface 
at a distance of 4-% in. frome one end. 
The fluid was led out by means of a '%-in. 
hole drilled from one end of the cylinder 
connecting the 1/16-in. hole. At the other 
end of the cylinder a protractor was 
mounted to measure the position of the 
pressure tap relative to the stagnation 
point. The cylinder was inserted in the 
third downstream aperture in the test sec- 
tion. The static pressure was measured by 
means of the static holes of a pitot tube, 
placed 4 in. ahead of the stagnation point 
of the cylinder. An approximate calculation 
indicated that the pressure drop in this 
4-in. section due to the flow of the car- 
boxymethylcellulose solutions in the tunnel 
was negligible. 

The test piece that was used for the 
heat transfer measurements is shown in 
Figure 3. It was 2 in. in diameter and 9% 
in. long and was made from fabric-base 
phenol-formaldehyde resin. It was heated 
by passing electric current through a series 
of twenty-six strips of Chromel A (No. 24), 
each of them 3/16 by 0.0201 in. by 43h 
in., with a resistance of 0.135 ohm/ft. The 
strips were mounted in grooves milled on 
the curved surface of the cylinder, 0.054-in. 
segments of resin being allowed between 
successive grooves. Since it was necessary 
to construct a smooth cylindrical heating 
surface having a 2-in. diameter, the 
Chromel strips were prebent to a I-in. 
radius and cemented in the grooves. The 
diameter of the finished test piece was 
2.0 ? 0.003 in. The strips were connected 
electrically in series by pieces of copper 
ribbons held in position by solder and 
screws. The strip ends were then covered 
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Fig. 3. Heat transfer cylinder. 

with cement, and the surface was finished 
to 2.0 in. Surface temperatures were meas- 
ured by means of six thermocouples spot 
welded onto its back face. As shown in 
Figure 3 the thermocouples were welded 
35 in. apart and, in order to minimize 
losses due to conduction, were laid parallel 
to the strip before being led out through 
the resin. The six thermocouples, when 
calibrated in the constant-temperature 
bath, were found to read the same tem- 
perature within less than 0.29'. 

The thermocouple wires and the power 
lines were inserted through the %-in. hole 
in the cylinder at one end, and at the 
other end a protractor assembly similar to 
that of the pressure cylinder was attached. 

During a heat transfer run air bubbles 
were observed collecting on the surface of 
the cylinder, thus insulating the surface 
and giving rise to errors in the temperature 
measurements. A wiper was used to remove 
these bubbles and to maintain a clean sur- 
face. 

Pressure and Velocity Measurements 
The pressure readings on the cylinder 

and the velocity measurements from a 
pitot tube were recorded by means of a 
water-carbon tetrachloride differential 
manometer. The pitot tube consisted of a 
YS in. O.D. Dwyer tube with a 0.047-in. 
diameter dynamic hole and four equally 
spaced 0.04-in.-diameter apertures for 
static pressure measurements. Once the 
velocity measurements had been com- 
pleted, the pitot tube was pulled close to 
the wall of the tunnel to prevent any dis- 

TABLE 1. FUNCTION g, FOR 

DIFFERENT VALUES OF n ( 2, 11 ) 

0.05 
0.1 
0.2 
0.3 
0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
4.0 
5.0 

1.49803 
0.80574 
0.48247 
0.38813 
0.33126 
0.33206 
0.36477 
0.39979 
0.43261 
0.46243 
0.510 
0.552 
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1.52860 
0.78852 
0.41703 
0.29219 
0.19066 
0.11026 
0.08036 
0.06390 
0.05325 
0.04573 
0.03450 
0.02829 

turbances on the temperature measure- 
ments. 

In the preliminary velocity measure- 
ments with the carboxymethylcellulose 
solutions the manometer response was slug- 
gish owing to the gel centers in the solu- 
tions supporting a shear in the pitot tube 
holes ( 3 a ) .  This difficulty was overcome 
by slowly bleeding the manometer leads 
with water and of course by stopping the 
bleeding just before a pressure measure- 
ment was taken. 

Capillary Viscometer 
A capillary type of viscometer was con- 

structed according to the recommendations 
of Metzner ( 7 )  for determining the 
rheological characteristics of the carboxy- 
methylcellulose solutions which were used 
in this investigation. As shown in Figure 
4 the viscometer consisted of three major 
parts: a constant-temperature bath; a 
1,000-ml. pressure vessel; and a set of 
precision-bore capillary tubes of different 
but constant diameters. 

The pressure vessel was constructed from 
a 4-in. I.D. stainless steel pipe with a 
flange welded on one side, and the other 
side was sealed with a % in. thick stain- 
less steel piece. The vessel was also pro- 
vided with a lid which had the necessary 
connections to the nitrogen line to the 
pressure manometer and pressure gauge 
and had a hole for feeding the solution. 
The lid was sealed by means of an O-ring. 

w 

Fig. 4. The capillary viscometer. 

The capillary tube was supported by a 
machined rubber stopper which in turn 
was held by a flange. The upper end of 
this tube was shaped to minimize the en- 
trance losses and to form a seat for the 
Teflon bob of the spring-loaded valve. As 
shown in the figure, the valve was operated 
by a lever which pushed the spring pres- 
sure on the tube entrance. 

Two capillary tubes, one of .40-in. O.D. 
and 14 in. long and the other .0707 in. I.D. 
and 12 in. long, were found most suitable 
for the carboxymethylcellulose solutions. 
The uniformity of their diameters was 
checked by measuring the dimensions of a 
small mercury column at different points 
along the entire length of the tube. The 
diameter variation was found to be less 
than 0.5%. 

The pressure in the vessel was measured 
either by a carbon tetrachloride or a mer- 
cury manometer. The carboxymethylcellu- 
lose solution which emerged from the 
capillary tube was collected at the bottom 
of the bath and weighed on a balance with 
a precision of 40.01 g. 

RESULTS AND DISCUSSION 

It has already been stated that the 
primary purpose of this investigation 
was to test the hypothesis that a 
rheological equation of state of a non- 

U r n  ft/sec 

30 

20 

I 0  

L 2 3  4 5 6 7  a 
d:DISTANCE ACROSS THE TUNNEL TEST SECTION IN INCHES 

Fig. 5. Velocity profiles across the tunnel a t  15 in. from the last screen. 
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Fig. 6. Pressure distribution around the cylinder. Solution in the tunnel 
0.221 % carboxymethylcellulose. 

ANGLE FROM FORWARD STAGNATION POINT IN DEGREES 

Fig. 8. Temperature distribution around the cylinder. Solution 

Newtonian fluid as derived experimen- 
tally from a standard viscometer may 
be used to predict the behavior of the 
fluid in laminar boundary-layer flows. 
The rheological constants for the car- 
boxymethylcellulose solutions used here 
were therefore obtained by means of 
the capillary viscometer just de- 
scribed, whereas the pressure distribu- 
tion and the rate of heat transfer from 
the electrically heated cylinder to the 
carboxymethylcellulose solutions in 
forced convection flows were deter- 
mined in the tunnel assembly. It is un- 
derstandable then that the applicabil- 
ity of the theoretical model which was 
developed in this paper will be judged 
principally by the degree of corre- 
spondence between the theoretically 
calculated and the measured surface 
temperature distributions. 

I t  is clear of course that before a 
meaningful comparison can be made 
between the experimental results and 
those derived theoretically, it is im- 
portant that the experimental setup ful- 
fill as far as possible the restrictions 
which were imposed on the mathemati- 
cal model. Otherwise the degree of 
correspondence between the theoreti- 
cal and experimentaI resuIts may be 
limited by an inability to meet these 

requirements in the physical system to 
be investigated. The three assumptions 
most pertinent to this discussion are: 

1. The flow is truly two dimensional. 
2. The rheological parameters K 

and n are constant over the range of 
shear rates on the surface, and that 
both the cross viscosity of the car- 
boxymethylcellulose and any visco- 
elastic properties are negligible. 

3. The cylinder is heated by a uni- 
form flux source. 

The first assumption can be verified 
by obtaining the velocity distribution 
in the test section of the tunnel. On 
the other hand it can easily be ascer- 
tained from the rheological data 

TABLE 2. RHEOLOGICAL PROPERTIES OF THE 

CARBOXY-METHYL CELLULOSE SOLUTIONS 
DAP 
4L 

FROM THE PLOTS OF - vs. 8V/D 

Concen- Shear rate 

CMC 70 set.-' Ib.,/sq. ft. -set." n 
tration of range 8V/D,  K ,  

0.09% 1,000-30,000 0.92 X lo-' 0.72 
0.22% 10-900 1.7 x 10" 0.79 

900-10,000 6.3 X 10" 0.63 

900-10,000 8.8 X lo-' 0.58 
0.35% 100-900 5.4 x 0.66 

300 I 1 , 
0 CYLINDER ANGLE = 10' 
0 CYLINDER ANGLE = 30' 

0 

Fig. 7. Comparison of experimental and theoretical heat trans- 
fer rates for water. 

0.09 % carboxymethylcell ulose 70s. 

whether K and n will remain constant 
for all shear rates of interest, and it is 
a simple matter to modify the calcu- 
lations if it is found that their values 
vary somewhat. The experimental setup 
does not however rigorously conform 
to the last requirement because the 
surface of the cylinder was heated 
with Chromel strips separated by in- 
sulating segments of phenol-formalde- 
hyde resin. The heating of the cylin- 
der surface was therefore not achieved 
by a truly uniform flux as required by 
the theoretical model. As a conse- 
quence, since the insulating segments 
covered a little over 20% of the total 
area, the experimental heat transfer 
coefficients would have to be lower 
than if the heating had been uniform, 
because the surface temperatures, 
which were measured along the center 
line of the Chromel strip, would under 
these circumstances be somewhat 
higher. Fortunately however a theo- 
retical analysis of this effect (11) 
showed that it could cause only a rela- 
tively minor discrepancy which in gen- 
eral would not exceed 10%. 

The measured velocity profiles 
across the test section of the tunnel 
are shown in Figure 5. It is seen that 
the screens insured fairly uniform ve- 
locities across the test section and that 

' -80 I I 1 I I I I I  -60 -40 -20 20 40 60 80 
I I I I I I I I ,  

LOWER SIDE UPPER SIDE 
OEGREES 

Fig. 9. Temperature distribution around the cylinder. Solution 
0.35% carboxymethylcellulose 70. 
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Fig. 12. Local heat transfer rates to pseudoplastic fluids from a cylinder 
a t  an anale of 10 deg. from the forward stagnation point. 
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Fig. 10. Comparison between experimental and theoretical heot 
transfer rates for carboxymethylcellulose solutions. 

the maximum variation in the center 
of the tunnel, at the higher Reynolds 
numbers, was less than 5%. The cen- 
tral 4-in. section appears indeed to 
contain a rather uniform velocity dis- 
tribution with minimum three-dimen- 
sional effects and was used therefore 
for the heat transfer experiments on 
the cylinder. 

The rheological data for the three 
carboxymethylcellulose solutions are 
presented in Table 2. For the 0.22% 
carboxymethylcellulose and the 0.35 % 
one especially the rheological proper- 
ties were determined for a wide range 
of shear rates with both carbon tetra- 
chloride and mercury manometers, in 
order to verify the applicability of the 
power law to such systems. It was ob- 
served however that the measurements 
could best be fitted by two straight 
lines over two different ranges of shear 
rate rather than by only one for the 
entire range indicated in Table 2. This 
means that for those carboxymethyl- 
cellulose solutions the parameters K 
and n are not constant over the entire 
range of the measured shear rates and 
that the range of shear rate at the sur- 
face of the cylinder must be deter- 
mined before the proper values of the 
rheological parameters can be used. 

The carboxymethylcellulose solu- 
tions were also tested by standard 
techniques to ascertain whether or not 
they exhibited any viscoelasticity, 
thixotropy, or the Weissenberg effect 
( 1 3 ) ,  but it was quickly realized that 
to all appearances these complicating 
factors were fortunately absent. 

A typical pressure distribution over 
the 2-in. aluminum cylinder for the 
0.22 % carboxymethylcellulose 70 so- 
lution is shown in Figure 6 for differ- 
ent velocities, together with the pres- 
sure profile with water at a Reynolds 
number of 48,000 and the expression 
predicted from potential flow theory 
( 1 2 )  if the characteristic velocity is 
set equal to ZU,: 

4P 
1/2 P u," = 1 - 4@"(x) . -  

= 1 - 4 sin" xI (14) 
It  is seen that in the region from 0 to 
60 deg. the pressure distribution for 
water and the carboxymethylcellulose 
solutions had a negligible difEerence, 
and that the shape of the pressure dis- 
tribution curve was not affected by 
variations in the Reynolds number. I t  
can be concluded then that for laminar 
flow the pressure profile in this region 
is unaffected by either the rheological 
properties of the carboxymethylcellu- 
lose solutions or the velocity of the 
fluid. It is also believed that the 
rather good agreement between the 
experimental data and Equation (14) 
up to an angle of 60 deg., as measured 
from the forward stagnation point, is 
probably due to the presence of wall 
effects. Beyond 60 deg. the data devi- 
ate sharply from Equation (14),  and 
the pressure minima indicate that, as 
with Newtonian fluids, the separation 
point occurs at around 80 deg. 

The experimental pressure distribu- 
tion curve shown in Figure 6 was used 
to express ~ ( x , )  in the form of a 

50 
-.-THEORETICAL USING K AND n 

VALUES OBTAINED FROM 
LOWER SHEAR R A T E  RLNGE 

- THEORETICAL WITH K AND n 
OBTAINEO FROM T H E  HIGHER 
SHEAR RATE RANGE 

Urn I N  FT/SEC 

Fig. 11. Experimental and theoretical tempera- 
ture values a t  on angle of 10 deg. on the cylin- 

der for 0.22% carboxymethylcellulose. 

polynomial, axl - bx,", where the co- 
efficients a and b equal to 0.92 and 
0.131, respectively, were determined 
by a least-squares method. This poly- 
nomial was then substituted in Equa- 
tion (13),  and the theoretical surface 
temperature distribution was finally 
calculated from Equation ( 11). 

HEAT TRANSFER MEASUREMENTS 

Heat transfer measurements were 
first carried out with water to confirm 
the proper functioning of all parts of 
the equipment, and the experimentally 
obtained local Nusselt numbers are 
compared with the theoretically calcu- 
lated values in Figure 7. The theoreti- 
cal N,, was in all cases greater with a 
maximum deviation of about 14%, but 
in view of the segmented heating of 
the cylinder this discrepancy was ex- 
pected and the performance of the ex- 
perimental assembly was therefore 
considered satisfactory. 

The experiments were then con- 
tinued with the carboxymethylcellulose 
solutions, and the results are presented 
in Figures 8 and 9, where AT has been 
plotted vs. the angle for different 
Reynolds numbers, and in Figure 10, 
where all the experimentally deter- 
mined Nusselt numbers for the three 
different carboxymethylcellulose solu- 
tions have been compared with the 
theoretically calculated predictions. 
The generalized Prandtl number N p r  
for all three solutions was large (order 
of magnitude loo),  which insured the 
applicability of the N,, >> 1 approxi- 
mation. The measurements for the 
0.09% carboxymethylcellulose were 
however not quite as accurate as for 
the other two solutions, since it was 
discovered that the uncertainties in 
the values of U ,  were somewhat larger. 
In the plots of AT vs. angle it is ob- 
served that the shapes of the theoreti- 
cal and the experimental curves do 
agree quite well and that, although 
the infinite temperature at the stagna- 
tion point as predicted by Equations 
(11) to (13) with @(xl) = x1 cannot 
be physically realized, the experimen- 
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Fig. 13. Local heat transfer rates to pseudoplastic fluids from a cylinder 
a t  an angle of 30 deg. from the forward stagnation point. 

do indeed show a sharp rise 
in temperature as the stagnation=point 
is approached. (Incidentally it can 
easily be shown (11) that the bound- 
ary layer equations cannot hold near 
the stagnation point no matter how 
large N,.  is, and that the theoretical 
prediction of an infinite temperature at 
that point must therefore be ignored.) 
The comparison between theory and 
experiment was carried out only up to 
an angle of 60 deg. since, as the sep- 
aration point (80 deg.) was ap- 
proached, temperature fluctuations set 
in which invalidated the theoretical 
predictions. 

Finally it is seen from Figure 10 
that the experimentally determined 
N,, does follow the theoretical values 
rather well, especially since the 10% 
discrepancy can to a large extent be 
attributed to the nonuniformity of the 
heat flux and to the slight uncertainty 
in the determination of U,. 

Before any conclusions are drawn as 
to the success of the boundary layes 
theory in non-Newtonian fluids, it will 
undoubtedly be of value to point out 
what effect experimental inaccuracies 
in measuring the temperature, the 
rheological parameters, the free stream 
velocity, and the pressure profile could 
have on the theoretically calculated 
surface temperature distribution, and 
to ascertain how the experimental re- 
sults would be influenced by the vari- 
able fluid properties, which throughout 
the theoretical analysis were assumed 
constant. 

In order to determine the uncer- 
tainty introduced by the assumption of 
constant properties, a set of experi- 
ments were performed with three dif- 
ferent values of Q which covered a 
threefold range. The measurements 
were repeated at three different angles 
and at  constant flow conditions. It 
was found that within the available 
experimental accuracy AT/Q was in- 
dependent of Q for all three angles, 
thus indicating that the effect of vari- 
ation of fluid properties in the thermal 
boundary layer was unimportant, at 
least for temperature differences AT of 

the order of 25°F. It was also estab- 
lished by a theoretical analysis that 
under the conditions of all the experi- 
ments the contribution to the energy 
equation of the mechanical dissipation 
function inside the boundary layer 
was negligible since, in the absence of 
any direct surface heating, it could 
bring about a rise in the surface tem- 
perature of the cylinder of only about 
0.1"F. 

The temperature drop between the 
back of the Nichrome strip and its 
front face was calculated approxi- 
mately from the conduction equations 
and found to be 0.018 AT. 

The accuracy of the potentiometer 
assembly for the temperature measure- 
ments was of the order of 0.2"F. 
which amounted to about ?h to 1% % 
of the values of AT. Q was recorded 
by means of the voltmeter and the 
ammeter with an accuracy of more 
than 1%. 

The deviations between the adjacent 
thermocouple readings on the strip 
were caused by the surface roughness 
of the cylinder and the possible three- 
dimensional flow disturbances caused 
by the nonuniformity of the fluid ve- 
locity across the test section. The sur- 
face roughness was of the order of k 
0.003 in. and was likely to cause dis- 
turbances in the thermal boundary 
layer in view of its small dimensions 
and bring about differences in the 

thermocouple measurements. Similarly 
if the velocity in the test section was 
not maintained uniform, significant dif- 
ferences in thermocouple readings were 
recorded. 

The errors in the velocity measure- 
ments could not unfortunately be 
maintained lower than f 5%, espe- 
cially at the very low flow rates. This 
was due to inherent inaccuracies in 
the differential manometer readings 
caused by the presence of the carboxy- 
methylcellulose solutions, the gel cen- 
ters of which seemed to support a 
shear stress in the pitot tube ( 3 0 ) .  The 
bleeding technique described earlier 
overcame this difficulty to a large ex- 
tent if care was taken to push all the 
carboxymethylcellulose solutions out of 
the pitot tube, but the error in the 
velocity measurements could not be 
eliminated altogether. 

In the theoretical calculations for 
the two carboxymethylcellulose solu- 
tions (0.22% and 0.35%) the com- 
puted shear rate at the surface of the 
cylinder at different angles indicated 
that for velocities less than 2 ft./sec. 
the shear rate at 10 and 20 deg. fell in 
the lower range of the rheological 
curves. Fortunately however for both 

these fluids the value of N,,,'"" (and 
therefore the value of AT and N N u )  
did not change more than 3 to 4% in 
the range investigated when the set of 
values of K and TI was changed from 
one shear rate range to another. This is 
clearly brought out in Figure 11, 
where AT is plotted vs. U ,  at 10 deg. 
for the 0.22% carboxymethylcellulose 
with both sets of rheological constants. 
The two theoretical functions are 
shown here, and since they differ by 
only a small amount, either of the two 
sets could have been used under these 
rather special circumstances. 

Thus with the use of the boundary- 
layer theory and the asymptotic form of 
the energy equation for N,, >> 1, it 
has been possible to predict the local 
rate of heat transfer from a cylinder to 
power-law non-Newtonian fluids in 
forced convection flows. The agree- 

1 - 

Fig. 14. Local heat transfer rates to pseudoplastic fluids from a cylinder 
a t  an angle of 60 deg. from the forward stagnation point. 
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ment between the theoretical calcula- 
tions and the experimental measure- 
ments is indeed excellent in the re- 
gion of the cylinder where the bound- 
ary-layer equations apply (beyond 60- 
deg. the theoretical calculations will 
not be too accurate because of the 
proximity of the separation point). It 
now remains to determine the value of 
n at which for heat transfer purposes 
it becomes necessary to take the non- 
Newtonian behavior of the fluid into 
account. At first glance this comparison 
between a non-Newtonian substance 
and an equivalent Newtonian one 
would naturally appear to be some- 
what questionable, since one must re- 
member that the power-law fluids have 
two rheological parameters in place of 
the Newtonian viscosity coefficient, 
and that in Equation (3)  the units of 
K depend on the value of n. Thus the 
definition of the dimensionless groups 
generally used for correlating heat 
transfer data in Newtonian fluids had 
to be extended. In this manner a gen- 
eralized Reynolds number was derived 
for one-dimensional flow systems, and 
a generalized Prandtl number emerged 
from the dimensionless form of the 
boundary-layer energy equation. The 
generalized Prandtl number thus ob- 
tained is however not only dependent 
upon the properties of the h i d  (as 
for a Newtonian substance), but is a 
function also of the velocity and the 
characteristic length of the surface. In 
an attempt therefore to compare the 
heat transfer rates of systems with dif- 
ferent rheological properties one is 
clearly confronted with an additional 
difficulty. 

Fortunately the form of Equation 
(11) suggests that if the heat transfer 
results were plotted with NNUNp;1’3 as 
the ordinate and N R a  as the abscissa, 
this difficulty would be eliminated. This 
is so because the ordinate would in 
such a case be independent of n and 
K ,  which would not be true in the 
NNuN~;“~ vs. NRe plot commonly used 
for heat transfer correlations. 

In Figures 12 to 14 the theoretical 
heat transfer expressions are presented 
in the form of NNUNp,-1J3 vs. NRe plots 
for different positions of the cylinder 
surface. Lines are shown for values of 
n ranging from 0.2 to 1. One can see 
that the deviations from Newtonian 
behavior increase as n decreases, and 
also that with increasing x1 and NRB the 
difference in the Nusselt number from 
the corresponding Newtonian value 
also increases. Although it is true that 
for values of n between 0.8 and 1.0 
one may assume Newtonian behavior 
and set K equal to the viscosity p 
without introducing any significant er- 
rors, it is obvious that for n < 0.8 the 
Nusselt number will differ appreciably 
from its correct value, if calculated on 

the basis of a Newtonian theory. In 
particular large errors will be incurred 
if the Newtonian assumption is made 
when n = 0.2 or lower. I t  may be 
stated then that the necessity of tak- 
ing the non-Newtonian behavior into 
consideration depends on the extent of 
accuracy desired in heat transfer cal- 
culations as well as the value of n. 
Thus for example for clay suspensions 
where n is of the order of 0.2 to 0.3 
(7 ) ,  even a rough calculation of heat 
transfer rates will necessitate the con- 
sideration of the non-Newtonian prop- 
erty of the fluid. 

One can conclude then that the 
boundary-layer theory has been suc- 
cessfully extended to include heat 
transfer to power-law non-Newtonian 
fluids, and that the experimental heat 
transfer results for the flow past a cylin- 
der were shown to agree with the 
theoretical predictions which were 
based on an asymptotic expression for 
NN,, derived for large N p v .  It was 
found that for the flow past a cylinder 
the experimental measurements of the 
local rate OP heat transfer were in com- 
plete agreement with the theoretical 
calculations up to an angle of 60 deg. 
from the forward stagnation point, and 
that for heat transfer purposes fluids 
with n < 0.8 show significant devia- 
tions from Newtonian behavior. 
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NOTATION 

L 

NNu 

N P ,  

= surface area 
= specific heat 
= diameter of capillary 
= function of n given numeri- 

cally in Table 1. 
= thermal conductivity 
= parameters in the power-law 

model, Equation (3) 
= a characteristic length (for 

the cylinder, L = the radius) 
= the Nusselt number; N N u  = 

QL 1 
Ak T , -  T ,  

c,p urn L 

_. 

= the Peclet number; N P a  = 

k 
= the Prandtl number; Npr = 

CnUmPL 

. .  
NRe = the Reynolds number; N R e  = 

p u:-”L- 
k 

B .t .u . /hr . 
Q = rate of heat transferred, in 

T = temperature 
T ,  
T ,  = temperature of the bulk of 

the fluid 
U&) = velocity component outside 

the boundary. layer 
U,  = characteristic velocity (for the 

cylinder, U ,  = 2 U , )  
um = velocity of the free stream 
u = velocity component along x 

V = average velocity in the capil- 

= temperature of the surface 

(ul = U / U , )  

) lary ( v = flow rate 
7r(D/2)’ 

v = velocity component along y 

x = distance alone. the surface 
from the lead& edge (xl = 
x/ L )  

y = distance normal to the surface 
A Y  

($!I= NRBl+- -) L 

Greek Letters 

I‘ = the gamma function 
p = density 
T = the shear stress 
@ = U J U ,  

AT = T, - T ,  

x = (a~/,/ayl),l:. 
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